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ABSTRACT 

First, sub-synchronous and super-synchronous orbits紅edefined according 
to the terms adopted by CCIR where the direction of the reference plane 
defining the orbital period is constant, and the characteristics of these orbits and 
a method of determining the orbits紅eshown. Then, the above definitions of 
the orbits are improved with the result that the direction of the reference plane 
defining the orbital period rotates with the period of the earth’s rotation, and 
the characteristics of the orbits and a method of determining the orbits訂e
shown. The relation between these sub・synchronous or super-synchronous orbits 
and recurrent or sun-synchronous orbits is also mentioned. Lastly, the examples 
of sub-synchronous orbits which seem to be applicable to operational satellites 
are given. 

1. Introduction 

According to terms and definitions relating to space radiocommunications adopted by 
CCIR<l>, a synchrono田 satelliteis a satellite for which the mean sidereal period of 
revolution about the earth is equal to the sidereal period of rotation of the earth about its 
axis, a sub吋 nchronoussatellite is a satellite for which the period of revolution is・ a 

sub-multiple of the period of rotation of the earth, and a super-synchronous satelli旬 isa 

satellite for which-the period of revolution is an integral multiple of the peroid of rotation of 

.the ea凶h.・The sidereal period of revolution of a satellite is defined as the time elapsing、

between two succe創刊 p鉛sagesof a satellite in the鈍mesen鉛 througha reference plane-

including the centre of mass of the e釘thand pointing in a fixed direction relative to an 

inertial system. The above definition of the鎗telliteorbits becomes unique only in伺seof 

neglecting the orbital perturbation, but becomes vague in cぉeof real perturbed orbits, 
be回useof ununiqueness of the sidereal period of revolution caused by arbitrariness of the 

direction of the reference plane. For example, if the equatorial plane is adopted as the 
reference plane, the sidereal period of revolution equals the nodal peroid, and no 

synchronous satellites come to synchronize with the earth’s rotation. On the con位釘y,if a 
plane perpendicular to the equatorial plane, i.e. the reference plane defining the earth’s 
rotation, is adopted as the reference plane, synchronous satellites synchronize with the 
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earth’s rotation, sub-synchronous satellites pass at nearly the鈍melongitude or right 
ascension at the same mean sidereal time every sidereal day, and super-synchronous錨tellites
pass at the same longitude or right ascension at neぽlythe same mean sidereal time at 
intervals of a few sidereal days. No such sub-synchronous or super-synchronous satellites as 
defined above will be used as operational satellites for observation or communications, 
except for astronomical observation. But adopting the plane including the earth’s rotational 
m伊l紅 momentand rotating with the earth’s mean revolutional period (this plane nearly 
equals the pl卸 eincluding the earth’S拡 isand the sun) as the reference plane, we have 
sub-synchronous satellites passing at nearly the same longitude at the鈎metime every day, 
卸 dsuper-synchronous satellites passing at the same longitude at nearly the鈍metime at 

intervals of a few days. These satellites will be used as operational satellites for 
meteorologi叩I,earth resources or geodesic observations or for broadcasts. 

2. A Method of Determining Sub-Synchronous or Super-Synchronous Orbits 

2・1In case of the reference plane pointing a fixed direction 
According to terms relating to sub勾 nchronous,synchronous or super-synchronous 
orbits adopted by cαR, these orbits釘edefined by the u鉛 ofthe reference plane including 
the earth’s a話sand pointing a fixed direction relative to an inertial system as follows: 

Tr= Te!N (1) 

where T f : time elapsing between two successive pぉsagesof a鎗tellitein the same sense 
through the reference plane. 

勾： thee紅th’smean rotational period = 0.9997269672 day 
= 86164.09966 sec （匂asidereal day) 

N : synchronous number. In伺seof N being a positive integer larger than one a 
sub-synchronous orbit, in阻seof N being equal to one a synchronous orbit, and 

in 回seof N being a reciprocal of a positive integer l紅・gerthan one a 
super-synchronous orbit. 

Orbits釘edefined as sub-synchronous, synchronous and super-synchronous orbits, 
depending on value of N being a positive integer larger than l, being equal to 1 and being a 
reciprocal of a positive integer larger than 1, respectively. Fig. 1, where OAB is the 
equatorial plane and NOSAC is the reference plane, shows that T1 is the elapsing time for 
which a sa怜llitemakes one revolution from A to C round the earth, and that during this 
time the ascending node rotates仕omA to B. Meanwhile the elapsing time for which a 
satellite makes one revolution from A to B is shown by the following formula＜幻．

Tn = 2πI (n ＋ゐ） (2) 

where Tn : nodal period 
n : mean motion 
ゐ： motionof釘伊mentof perigee. 

τ'his formula shows that the mean revolutional angular speed of a satellite relative to the 
ぉcendingnode equals n ＋ゐ.In general, the mean period of the projected motion of a 



Determination of Elements of Sub-Synchronous or Super-Synchronous Orbits 4 7 

s 
Fig. 1 Relation of a reference plane to define periods (ACNOS), 
an orbital plane (OABC) and the equatorial plane (OAB). 

satellite on the equator equals the mean revolutional period of the鈍.tellite.Therefore, the 
projected motion of a錫.telliteon the equator has the mean angul紅 speedequal to ±(n ＋ゐ｝
relative to theぉcendingnode, whose plus sign is adopted in伺seofO《i《π／2and negative 
sign is adopted in case of π／2<i《πwherei is orbital inclination. But supposing that where 
π／2<i＜：.πthe sign of (n ＋ゐ）民 spontaneouslyal旬iredin伺seof projection of satellite 
motion on the equator, we do not need the above minus sign.τ'his supposition is adopted in 

Referen側（2)& (3), and also widely u副 onthe oc揃 ionof伺lculatingsaぬlliteorbits 
(refer to (13)). Namely, only the upper si伊 of(n＋ゐ）is necess町 ifthe si伊sof n andゐof
m位ogradeorbits. spontaneously change. The mean revolutional an伊1釘 speedof the 

proj即ted.motion of the錨旬lliteon the equatorial plane in an in凶 ialsys旬mis ±(n＋ゐ＋n,
where n is angul釘 speedof the ascending node in an inertial sy銑em.恒ierefore,

±2π 
r, = ±(n＋φ｝＋。 (3) 

Hereinafter upper and lower signs co町espondto direct and retrograde orbits, respectively. 

Expressing the rotational伊riodof the earth in an伊加speed,we have 

Te = 2π／μ 

where μ: mean rotational angular sp偶dof the earth. 
Substituting (3) and (4) in旬（1),we have 

±(n＋ゐ）＋il= ±Nμ 
or 
n＋φ土台＝ Nμ 

(4) 

(5) 

(5) 
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Fig. 2 The flow chart to calculate a semi-major axis a of a 
sub開・synchronous,synchronous or super-synchronous orbit 
where synchronous number N, eccentricity e and inclina-
tion i are given. 

In the above formulae, if the supposition stated before that the sign of (n ＋ゐ1)of retrograde 
orbits is altered, and if N and periods of retrograde orbits釘emade negative, the lower sign 

of double signs must not be used. But because of positiveness of a period, we make N always 

positive. In the following sections al釦 forthe織mereason, N is made pos比ive.

The flow chart to calculate a鈴mi-major砿 is,wh釘ethe可ncl立onousnumber N, 
町田n位icitye and inclination i紅egiven, is shown in Fig.2. In this figure, k: geo田ntric
gravitational constant = 398603 km3 /s2 
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~are仰mof Re加 nee(3). 

2・2In case of the rotating reference plane with the period of the earth’s revolution 
By the use of the reference plane containing the earth’s axis and rotating with the 
e紅白’smean revolutional period in the鈎mesen鈴， sub-synchronous,synchronous叩 d
super-synchronous orbits are defined as follows: 

(7) 

where Te: time elapsing between two successive passages of a satellite in the same sense 
through the reference plane 

T 8 : mean solar day. 

Te =Ts IN 

Hereinafter sub-synchronous, synchronous and super勾 nchronousorbits紅eto be defined 
by (7) unless being defined by (1) is mentioned. In the C鎚eof this rotating reference plane, 

the plane NOSAC shown in Fig.1 hぉ an伊l紅 speedv on the axis NOS and rotates by vTe 
during Te, where v is the earth’s mean revolutional an伊larspeed. Since the mean angular 
speed of a satellite projected on the equator is ±( n ＋ゐ）+ n, the mean rotation of the pr吋－
ected satellite is 

(8) ¥±(n ＋ゐ）+ Il} Te = ±2π ＋vTe 

(n＋φ±Q) Te = 2π±vTe (8’） 
or 

Yo =2π ／ v into (14) in p.218 of Reference (3), we have Substituting 

(9) Ts = 2πI (μ-v) 

(10) 

(10’） 

Substituting again (8) and (9) into (7), we have 

±(n＋ゐ）＋Q= ±Nμ+(l平N）ν

n＋φ土台＝ Nμー（N平1)v 
or 
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Another method of defining sub-synchronous, synchrono田 andsuper-synchronous 

orbits is曲ownin the following. Defining the orbital period relatively to the terrestial 
longitude i.e.舗 thetime elapsing between two succ鰯 ivepa随時・esof a姐.telliteat the鎗me
longitude, a sub-synchronous orbit is the orbit who鉛 periodis a sub-multiple of or equal to 
the me組釦larday, a synchronous orbit is th弓orbitwho鈴 periodis infinitive, and a 

super-synchronous orbit is the orbit whose period is the product of 1／（目的andthe mean 
・so加 daywhere N is an in旬gerla培erthan 2. Namely, a sub苛nchronousorbit is defined錨
follows: 

Tr = Ts I (N平1) (11) 

where Tr: mean time elapsing between two suc四ssivep脳級gesof a鈎tellitein the鈍me
sense through the reference plane of a constant longitude. 

Since the e紅白rotatesby μTr during Tr, the mean revolutional angle of a錫.telliteprojected 
on theequ錦町becomesas follows: 

l±(n＋ゐ＞+n l Tr ＝土2π＋μTr
Substituting (9) and (12) into (11), we伺nget (10). 
And a super-synchronous orbit is defined錨 follows:

Tr = Ts I (1芋N)

The mean revolutional angle of a舗telliteprojected on the equator d町ingTr is 

（土（n＋ゐ）+ill Tr = -2π＋μTr 

(12) 

(11’） 

(12’） 

Substituting (9) and (12') into (11’）， we伺n叫釦get(10). To define a synchronous.orbit, we 
伺nu鉛 eitherthe set of (11) and (12) or the鈴tof(ll’） and (12＇）.由児島 regoingmeans that 
in order to define sub-synchronous, synchronous or super-synchronous orbits, either the 

plane rotating with the period of the earth’s revolution in the鈎mesense or the plane 
rotating with the angul釘 veloci句 equalto that of the earth’s rotation伺nbe used踊 the
reference plane. We can get the flow chart to calculate a semi-major axis a where synchronous 
number N, ec田n凶citye and inclination i are given, substituting Te for Tr, T8 = 1 day= 
86400 sec. for T 8, 

Ti= 2πI (n ＋φ土Q平11)

for the formula to田Icul脱勾，andthe制lowingformula 

aT tan aゐ a也、ノ。
一＝ -2πl」ニ＋一一± -)  /(n+w±n平11)"
aa ¥aa aa aa// 

for (6), in Fig. 2. 

3. Examples of Sub-Synchronous, Synchronous 

and Super-Synchronous Orbits 

Substituting N = 1, which defines synchronous orbits, into (5) and (10), we have 

± (n＋φ）＋白＝±μ
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引ieabove formulae show that definition of synchronous orbits in Section 2・1is equivalent 
to definition in Section 2・2in伺鈴 ofdirect orbits but that they紅edifferent in C栂eof 
m位ogradeorbits. Although orbits are defined to be synchronous where N = 1 according to 
the term issued by CCIR.<1人itmight be reasonable 加 defineorbits as being・ synchronous 
only where N = 1 and direct orbits, and鍋 beingsub-synchronous where N = 1 and 

retrograde orbits, be回 U鵠 ingeneral the term“synchronous”which is used to be contrasted 
with“sub-synchronous”means to be with the鈎meperiod and鉛n鎚 ofmovement. 
Substituting the following formula which defines sun-synchronous orbits into (10)(3>, 

。＝V
we have 

n＋ゐ＝N(μ -v) 

and substituting again (2) and (9) into the above formula, we have 

Tn =T/N 

百 isformula曲owsthat sun-synchronous sub-synchronous orbits equal sun-synchronous 
recu町entorbits. This is natural be回usesun-synchronous sub-synchronous satellites pass on 
nearly the組mepoint at the same time every day since sun-synchronous風鈴Hitespass nearly 
in the組melatitude at the same mean solar time every day and sub『synchronoussa旬Hites

pass ne紅Iyin the鎗melongitude at the鎗mestandard time every day, and because 
sun-synchrono凶 recurrentorbits p蹴 on.nearly the same point at the same time every 
day＜的.Sub-synchronous, synchronous or super-synchronous錨.tellitespぉsexactly at the 
鎗melongitude at the same time every day or at intervals of a few days, only where orbital 
ec田ntricityis zero and inclination is zero or rr, because in other c総esthe effects of 
movement of perigee, equation of centre and reduction to the equa句roccur to prevent the 
synchronization. Equation of偲 ntreis expressed as follows: 

. / 1 + P. "Ii: 
Av=2tan-1Jh tan言－E+esinE

and reduction to the equator is as follows: 

協（α－0) =tan { ±(w + v)¥ lcos ii 
=tan (w + v) cos i (13) 

where E: ec田ntricanomaly (0豆E<2π）
u：位ueanomaly 
α： right as田nsion

and double signs of ＋佃d-correspond to direct釦 dretrograde orbits in this order. 

Figs. 3-7 show super-synchronous, synchronous and sub-synchronous orbits. Every 

figure shows the ground track whose ordinate and a加cissarepre鉛ntnorthern latitude卸 d

relative east longitude respectively, the relation of elevation副 glesand azimuth (ex田ptFigs. 
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Fig. 3 The ground track, relation of elevation angles and 

azimuth, and relation of elevation angles, longitude and 
time, of the super-synchronous orbit with N (: synchronous 
number)= 0.5, e (: eccentricity), i (:inclination)= 0 and h 
(:heigh色ofthe鳳tellite)= 60433 km. 
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time, of the sub-synchronous orbit with N = 2, e = 0, i = 0 
and h = 20211 km. 
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azimuth, and relation of elevation angles, longitude and 
time, of the sub-sy~chronous orbit with N = 3, e = 0, i = 0 
and h = 13921 km: 
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Fig. 6 Mercator’s ground track, and relation of elevation angles, 
longitude and time, of the sub-synchronous orbit with N = 
13, Epoch = 18h，ロ＝29。.36,w = 135~56, e = 0, i = 55° 
and h = 1260 km. The solid lines show elevation angles and 
dashed lines show longitude. 

6 & 7), and the relation of elevation angles or longitude and time. The azimuth and elevation 

in the figures are the values with which the錨telliteis viewed at 180° E Lon. and 35~953 N 
Lat (equal to Kashima Earth Station). Numerals in the figures and the absci鑓aat the bottom 

are lapse time in hour from the epoch. Figs. 6 & 7紅eexamples to show orbits suitable for 

lo伺lg回 desicobservation. If local geodesic satellies adopt pho加graphingand LASER rang-

ing systems, it will be ne田湖町 forthe satellite orbits that the height should be about 1000 

km, and that the ground track from north to south and the track from south to north should 

cross each other ne釘lyat right angles. The satellite is usable only when it is night on the 

ground at the observation point of the鈍.telliteand besides, when the satellite is exposed to 

the sun. Sun-synchronous circular orbits do not鎗tisfythe latter item in the above two 

conditions, because surトsynchronouscircu加 orbitsof 1000 km height have 99~ 473 
inclination. In伺seof sub-synchronous orbits shown in Fig. 6 where N = 13, the longitude of 
the鎗telliteat the鎗metime on every day moves a little, and the period of variation of the 

ground track is about 89 days, and the period鎚 in伺seof N = 14 shown in Fig. 7 is about 
7 8 days. In these fi伊res,ground tracks釘edrawn on Mercator’s projection on which the 
tracks run at exact angles with each other, to show the tracks to be nearly at right制 gles
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Fig. 7 Mercator’s ground track, and relation of elevation angles, 
longitude and time, of the sub-synchronous orbit with N 
= 14, Epoch= 18h, n = 29~36, w = 135~56, e = 0, i = 55° 
and h = 891 km. The solid lines show elevation angles and 
dashed lines show longitude. 

each other in medium latitudes. If geodesic satellites do not adopt sub-synchronous orbits, it 

happens that the longitude of the satellite at the鈎metime on every day changes by about 
15° at its maximum. T)lerefore, since chances to use the satellite at a fixed point happen at 

random, the point to observe the satellite must be moved every day regardless of success in 

the observation. On the contrary, in case of sub-synchronous satellites, chances to use the 

satellite at a fixed point occur nearly at the same time every day for a few days.’Therefore 
the observation can be made effectively, as a result of moving the observation point only 

after the observation has succeeded. 

4. Conclusions 

The methods of determining sub”synchronous, s戸ichronousand super-synchronous 
orbits are shown which are sub-synchronous, synchronous and super-synchronous respective-
ly with the earth’s rotation in an inertial system, i.e. with a mean sidereal day as stated in 
Section 2・1,or with the earth' rotation relative to the sun, i.e. with a mean solar day as 
stated in Section 2・2.It is also proved that sun-synchronous sub-synchronous orbits, being 
sub-synchronous with a mean solar day, equal sun-synchronous recurrent orbits. The 

sub-synchronous and super勾 nchronousorbits will be applicable to broadcasting or 
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communications satellites serving in almost all the world at fixed hours every day or at 

intervals of a few days, and the sub-synchronous orbits are applicable to geodesic錨tellites

serving in low or medium latitudes. For example, radio broad伺sting針oma sub苛 nchrono凶

satellite in a zero圃 clinationcircular orbit will be more efficient and reliable th叩 present 
oversea short wave broadcasting. 
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