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Time (frequency) is one of the fundamental physical quantities, that can be measured most
accurately among them. In this paper, the principles for the measurement of the time & frequency
and the estimations of its uncertainties are summarized.
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1 History and significance of
frequency

Frequency is how many times a periodic
phenomenon is repeated per unit time. It has
been known from antiquity that using an ap-
propriate natural phenomenon enables us to
maintain this quantity extremely accurately.
What human beings first recognized as such
would be the periodicity and accuracy of revo-
lutions of celestial bodies such as the sun, the
moon and stars. Utilizing this, the clock time
was determined and the calendar was orga-
nized. However, these are extremely large-
scaled movements that are beyond human con-
trol. While one could enumerate pitch control
with stringed instruments and wind instruments
from such ancient times as one of what humans
created by themselves and could control, it is
considered that full-fledged art started from the
discovery of the isochronism of the pendulum
by Galileo from the 16th century that the fre-
quency of a pendulum depends only on its
length regardless of bob weights. In the 17th
century, Huygens invented pendulum clocks
and furthermore mechanical clocks utilizing
the accurate frequency of machinery vibration
caused by a hairspring and a balance wheel. In

addition to these, the standard for acoustic fre-
quency has been provided since a tuning fork
was invented in the 18th century. Following
this, improvements of frequency precision
made two major leaps. The first was the devel-
opment of crystal oscillators originating with
the discovery of the piezoelectric effect of
quartz crystal by Paul-Jacques Curie and Pierre
Curie in 1880. The second was the develop-
ment of atomic frequency standards starting
with the utilization of inversion transition of
ammonia molecules in 1949. The accuracy of
atomic frequency standards has reached 16 dig-
its until today since it was first developed with
an exceptional accuracy of 10 digits about 60
years ago. Furthermore, it can be said that
atomic frequency standards in the optical re-
gion, whose accuracy has been dramatically
improved from the outset of the 21st century, is
the third leap. For the history of frequency
standards, refer to [1] listed in the bibliography
below.

In this manner, fairly high-accuracy fre-
quency signals are easily available today due to
highly accurate oscillators. Now, how can we
measure and evaluate its precision? Phases and
amplitudes are the basic elements of frequency
and noise is further added to real signals. As
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will be discussed below, since amplitude fluc-
tuations not usually problematic with good fre-
quency signals, it is necessary to measure and
evaluate accuracy, stability, noise etc., for the
phase as a function of time with appropriate
measures. This paper will give an explanation
of the measuring methods for frequency sig-
nals obtained from high-accuracy frequency
oscillators etc. and evaluating methods for
these measures. 2 provides an overview the de-
gree of the accuracy of frequency oscillators
and defines quantity as the basis for frequency
evaluation. 3 discusses the principle and basis
for frequency measurement and 4 explains its
evaluating methods. 5 offers commentary on
classifications of noise and spectral expansion
and 6 presents a conclusion.

2 Accuracy of time/frequency
standards

2.1 Accuracy of frequency standards
(Why are atomic clocks accurate?)
Along with technological developments for
oscillators discussed in 1, the accuracy of time
displayed on a clock has been improved. The
frequency of the pendulum of a pendulum
clock developed in the 17" century can be ex-
pressed by:

T=2rl/g (1)

Here, / stands for the length of the pendulum
and g for gravitational acceleration. Still, this
period cannot be always stable as (a) the length
of the pendulum varies at a rate of about 10°°
with a change in temperature by 1K, and (b)
gravitational acceleration varies at a rate of
about 1077 with a locational change on the
earth, especially with a change in altitude by
Im. It holds true also with crystal clocks, whose
oscillating frequencies depend on temperature
etc., that clocks gain or lose as temperature
changes. However, crystal clocks are more sta-
ble than pendulum clocks as the rate of vibra-
tion frequency to frequency width (called Q
value) for the former is higher than that for the
latter by 5-6 digits.

Soon after the advent of atomic clocks, the
accuracy of clocks was improved by about 3
digits compared with the crystal clocks avail-
able up until that time. Atomic clocks take the
frequency of electromagnetic waves absorbed
and emitted by atoms (neutral, ions) as a stan-
dard. Originally called “atomic frequency stan-
dards,” atomic clocks do not function as clocks
until they are used together with crystal clocks
etc. and feedback errors. The differences be-
tween atomic clocks and conventional clocks
are detailed below:

(i) Electrons ranging around a nucleus can
only acquire energy intermittently. The energy
conditions are unique since they can only be
determined by Coulomb force between elec-
trons and a nucleus. An atom can absorb and
emit electromagnetic waves with frequency (v)
corresponding to difference in each level ener-
gy (E) (v =E,—E,/ h. Here, h stands for Planck
constant).

(i) An atomic clock, unlike conventional
clocks, takes a single atom (in conditions of
gas) as a standard and accordingly its condition
is unique (interactions between neighboring at-
oms and molecules etc., are not unique in a
solid state).

In short, atomic clocks are the adaptation of
microcosmic phenomena to macro world. As a
result, even commercially available atomic
clocks ensure an accuracy of more than 12 dig-
its. This means that it will take several tens of
thousands of years to generate an error of one
second. The advent of atomic clocks has en-
abled us to experimentally demonstrate the
relativistic effect that time passes more slowly
by force of movements and gravity.

However, also atomic clocks have limited
accuracy. What was shown in (i) above is not
completely correct since there is a width of Av
= 1/2zt in accordance with a limited time of 7
because of uncertainty principle for energy and
time (a fundamental principle of quantum me-
chanics). 7 is sometimes limited by the interac-
tion time between atoms and electromagnetic
waves and sometimes determined by the life-
span of quantum state with a fixed phase (lim-
ited by spontaneous emission, and collision
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etc.). Also, electron orbits can be distorted by
external electric fields and magnetic fields to
cause transition frequency shifts (one caused
by electric fields is called Stark shift and one
caused by magnetic fields Zeeman shift). What
was shown in (ii) is also not completely accu-
rate; even gaseous atoms collide against one
another or the wall of a container. Consequent-
ly, the transition frequency shift at that moment
appears as collision shift. There are also fre-
quency shifts caused by relativistic effects from
the movements and gravity of atoms that freely
fly around (second-order Doppler shift and
gravitational shift).

Once laser cooling could decrease the tem-
perature of atoms as far as several K, they be-
came sluggish and could be made to stand still
at one place, which enabled us to take longer
measuring time 7. In addition, with further im-
provements of the accuracy of clocks, the sec-
ond-order Doppler shift decreased below 18
digits, cesium fountain atomic clocks have
been able to measure with an accuracy of 16
digits.

Previous clocks took microwave frequency
1-50GHz as a standard that required a mea-
surement period of more than 10 days in order
to gain an accuracy of 16 digits. With the fre-
quency shift and uncertainty on the same level,
taking high frequencies as a standard is more
advantageous for shortening measuring time,
and many atomic quantum transitions in the
optical region have narrow line width and are
accordingly suitable for highly accurate fre-
quency standards. Furthermore, because of im-
provements of laser technology, the possibility
of determining time and frequency at a higher
accuracy has been arising. However, there was
a major hurdle to measure frequency in the op-
tical region without impairing the accuracy of
frequency standards in the microwave range.
Frequency measurement in the optical region
had not been performed until the development
of femtosecond pulse laser with stable cyclic
frequencies enabled us to measure optical fre-
quencies in around 2000. At present, the accu-
racy of optical transition frequency of Al* ion
is, for instance, beyond the definition by cesi-

um and reaches 18 digits only from cumulative
uncertainty factorsiel.

2.2 Definition of frequency

As the accuracy of clocks improves, it be-
comes necessary to provide a definition for de-
termining certain length of time. Time is one of
base quantities as well as length, mass, electric
current, thermodynamic temperature, amount
of substance and luminous intensity that are de-
fined in the International System of Units (SI),
and its basic unit is the second (s)3]. For ex-
pressing time units longer than a second though,
the kilosecond (ks: 10°sec.) etc., could be used
but conventional units such as minute (min:
60sec.), hour (hour: 3600sec.) etc. are used in
most cases. Time units shorter than a second,
millisecond (ms: 107 sec.) and microsecond
(us: 107%sec.), etc., are used as defined in SI.

Originally, one second was defined as
“1/86400 of the average rotation period of the
earth”. The short-term variation at that time
was approximately 1078,

Consequently, following the new defini-
tion: “one second shall be 1/331556925.9747
of the revolution period of the earth” by the In-
ternational Committee of Weights and Mea-
sures in 1956, the Measurement Act of Japan
was also revised41. The accuracy of observa-
tion at this time was approximately 107°.

The world’s first atomic clock was devel-
oped with reference to the inversion transition
frequency of the ammonia molecule in 1949.
Subsequently in 1955, the first Cs atomic clock
was developed at the National Physical Labo-
ratory (NPL)51. Furthermore, after a collabora-
tive research by NPL and the U.S. National
Observatory (USNO), Cs hyperfine structure
transition frequency in zero magnetic field was
measured at 9 192 631 770+20 Hz by the sec-
ond on the mean solar daye]. Thereafter, Cs
atomic clocks were developed at several other
research institutions until 1960, and thus the
utility of atomic clocks as a time standard has
become to be recognized. In 1967, the plenary
session of the General Conference on Weights
and Measures adopted the definition: “one sec-
ond shall be the time equivalent to 9192631770
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times as long as the radiation period corre-
sponding to the transition between two hyper-
fine structures of the ground state of cesium-113
atom” and accordingly the Measurement Act of
Japan was revised in 1972(71.

However, as was discussed in 2.1, transi-
tion frequencies can shift by force of electric
fields, magnetic fields and atomic movements,
etc. Therefore, the defined frequency of the ce-
sium atom is “frequency with both the electric
and magnetic fields are zero and on the condi-
tion of the atom standing still on the earth’s ge-
oid”. What are known as primary frequency
standards are atomic clocks made to be able to
evaluate all the uncertainty factors for them-
selves so that the defined frequency as such can
be presented without compared with other
clocks. Since the cesium atom cannot be actu-
ally measured in the above-mentioned ideal
condition, primary frequency standards present
the defined values of time and frequency by
monitoring factors causing frequency shifts
(the magnitude of electric and magnetic fields
etc.) and making corrections with the estima-
tion of frequency shifts included in measured
frequencies[g]-[10].

3 Basis for measurement

3.1 Frequency measurement
principles

In this Chapter, we will discuss the mea-
surement methods for frequencies or periods of
alternating current signals. Since frequency is a
reciprocal of period and vice versa, either can
be determined by measuring the other.
3.1.1 Measurement by electric

counters (11][12]

(1) Frequency Measurement Method

First, AC input signals are attenuated and
amplified as far as appropriate magnitude to be
modified into pulse forms. Meanwhile, output
frequencies of 1, 5, 10MHz etc. that are consti-
tuted by a high stability oscillator are divided
by powers of 10 and selected by the dividing
ratio selecting switch to be made into clock sig-
nals of 1, 10, 100ns etc. The frequency direct
count method of input signals is the method

that evaluates:

s @)
T
as the average frequency for 7 seconds when
opening the gate with clock signals for 7 sec-
onds, wherein input signals of N period pass
through.
(2) Period Measurement Method
There is also a method for evaluating fre-

quency by measuring period as its reciprocal.
When opening the gate only for the time of n,
period of input signals and measuring » times
the clock pulse of 7, interval,

7

» 3)
expresses the average period of nt, seconds.
(3) Time Interval Measurement Method (TIC)

The time interval measurement is per-
formed by assigning the opening and closing
operations to two input signals and then mea-
suring the time during that span as the number
of clock pulses. Suppose that the frequencies of
the two signals are almost the same and their
signal waveforms are sin (2zvt + ¢,) and sin
(2mvt + ¢,) respectively. Then, time difference
T, for zero crossing of those two signals can be
measured as:

T, =nt,(4, —¢1)=L2 ¢1) (4)

2y

(4) Measurement Errors

The most major factor for measurement er-
rors is an error of £1 count (1 error) on the
number of pulses that pass the gate time. Count-
ing accuracy is the reciprocal of counted value.
As a result, the period measurement is more
advantageous for measuring low frequencies
and so is the frequency direct measurement for
high frequencies. Therefore, recent counters
adopt the period for frequencies lower than
those whose error ranges by the frequency di-
rect measurement and the period measurement
cross and frequency direct measurement for
higher frequencies. Such frequency counters

are called reciprocal counters.
Various ways to minimize £1 error by mea-
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Frequency measurement

Clock signal J
4* N- input pulses —>
N T O

Frequency (V+1) /x

Gate time t

Input signal

Periodicity & Time interval measurement

Input 1 open gate Input2 close gate
E<—n —clock signals —'i
| 1
L e
I i

Mean time interval (n =+ 1)z,

Clock signal

Zle): k1 The fundamental concept of the frequen-
cy, periodicity, and time interval measure-
ments

At the periodicity measurement, the input sig-
nals 1 and 2 are given by a common signal
resorce.

suring a span shorter than pulse interval have
been contrived. Major examples for that are the
time expansion system that expands short time
intervals immeasurable by an internal clock to
measure by the same clock, the time vernier
principle that synchronizes an oscillator whose
frequency is slightly different from that of the
reference clock with input signals to calculate
the relationship between the oscillator and
clock signals, the multi-phase clock system
that uses multiple clocks with a slight phase
shift to improve resolution, and the time-volt-
age conversion system that converts short time
intervals less than pulse intervals into voltage
to measure time from that voltage values.
Among these, the time expansion system and
the time vernier principle have the drawback
that they need a long pause for measurement,
and the multi-phase system has another that it
requires a large circuit size. Therefore the time-
voltage conversion system is advantageous to
obtain high speed and high resolution.

Sources of error other than £1 error are as
followsr13].
(a) Trigger Errors

When input voltage signals have noise, it is

converted into time error in the form of:

Trigger error = [Signal noise/Trigger volt-

age] x (Trigger pulse rise time).

If signal noise is smaller than trigger volt-
age and rise time is short, trigger error is
small.

(b) Time Base Errors

Errors caused by fluctuations and drift of

the frequency to be a standard for clock sig-

nals. While it is often the case that clock
signals go by crystal oscillators, time base
errors can be constrained if using atomic
clocks as the base via an external input ter-
minal.

(c) Trigger Level Timing Errors

These are measurement errors arising at

time of measuring time intervals, which oc-

cur on the occasion that the trigger response
time differs when opening and closing the
gate.

For performance example, a model an-
nounced by Tektronix, Inc. in September, 2010
exerts a time resolution of 50ps and a frequen-
cy resolution of 12 digits per second[141.

3.1.2 Time difference measurement
method with mixers (Dual Mixer
Time Difference: DMTD) 115)

The Dual Mixer Time Difference (DMTD)
is a device that measures zero crossing time in-
tervals for two signals with the almost same
frequency of v more accurately than usual TIC.
Equation (4) shows that the lower v becomes,
the smaller =1 error becomes. This holds true
for trigger errors, time base errors and trigger
level timing errors. Thus, convert beat signals
for the both input signals and bias signal sin
(2mvyt) into the forms of sin [27 (v—v,) t+¢,]
and sin [27 (v—v,) t+¢,] to input into TIC.
Here, a phase shifter makes an adjustment to
hold ¢, — ¢, constant. The principle for that is
shown in Fig. 2. Time difference interval 7,
measured by this equipment is:

_ ¢ — 9, _v
T ama _(v—vo)_(v—vo)Td (5)

Since the error range for 7,,,, is as same as the
case of measuring 7, directly by TIC, the error
accuracy of 7, to be determined by DMTD im-
proves by v/(v—v,).
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Signal 1 sin(2nv & ¢,)

sin[2n(v — vo)r + ¢,
(—0

Phase
shifter

Open gate

Bias signal = sin(2nv /) Time interval counter ——

Time interval

Close gate Timta

sin[2n(v — v+ ]

Signal 2 sin(2nv &+ ¢,)

The block diagram of the Dual Mixer Time
Difference (DMTD)

3.1.3 Noise measurement for
frequency 116117)

Although the frequency of an ideal fre-
quency oscillator must be expressed by a single
sine wave, an actual oscillator generates varia-
tions in oscillating output. Among these, the
short-term amplitude variation is called AM
noise, which is not usually brought question
very much as it itself does not connect to fre-
quency variations. On the other hand, the short-
term phase variation is called phase noise,
which can directly connect to frequency fluc-
tuations and accordingly an important factor to
determine characteristics of frequency sources.

The phase noise contained in an oscillator
appears as the jitter in the time-domain mea-
surement with oscilloscopes. Meanwhile, in
the frequency-domain measurement with a
spectrum analyzer (SA), the phase noise is ob-
served to spread toward the bottom in the
neighborhood of the carrier frequency of oscil-
lator. This can be considered that it is spreading
oscillating output energy also toward adjacent
frequencies other than carrier output frequency.

It is a fundamental rule for evaluating phase
noise that the intensity ratio of the offset fre-
quency component with a gap of £, from carrier
frequency f; to the carrier is evaluated by dBc
as follows:

P(f,)= —10L0g10{W} (6)

However, frequency components observed
when phase noise is actually evaluated by SA
are electric power within the finite bandwidth
of Af, which can be expressed by:

E(/)= 1,5 10 @

When linewidth Af; for carrier frequency com-
ponents is adequately narrower than Af, they
are expressed by:

E( o)zl(fo)Afo

®)
E(fo+ f,u)~ 1(fo + £ A

And since values observed as:

L(fm):_lOL0g10|: E(fo)

: ) 9)
o~ If0+fm Xi
i mog“’{ 1(f,) Afo}

vary according to a bandwidth of measurement,
the bandwidth must be specified. Thus, since
this is inconvenient for comparing measure-
ments with different bandwidths, it is common
to evaluate phase noise by using a power den-
sity of E(f,+1,)/Af per 1 Hz bandwidth. In real-
ity, it is much more common to display what
expresses:

1(7, fO) { (10)
~— Notim) 1
~ 10L0g10|: ](fo) Afo}

based on the unit of dBc/Hz together with oft-
set frequencies.

The drawbacks at time of the measurement
of phase noise with SA are that phase noise
lower than SA’s phase noise cannot be mea-
sured and that phase noise and amplitude noise
are indistinguishable. The Phase Lock Loop
(PLL) method is superior to measurements
with SA in that since it constrains carrier sig-
nals by phase-locking of the reference oscilla-
tor for a signal source to be measured by a
phase difference of #/2, it can measure pure
phase noise with amplitude noise removed in
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high dynamic ranges. One can find a correla-
tion between measured results of two signal
sources to reduce phase noise of measuring in-
strument itself. Still, there is a drawback for
PLL method that it can measure finite offset
frequencies.

3.2 Uncertainty of frequency
measurement
3.2.1 Average and variation for
measurement samples

If one wants to obtain high-accuracy mea-
sured values, they should repeat measurements
as often as possible and apply averaging opera-
tions to obtained data to raise accuracy. In this
case, not only average values but also varia-
tions in measured data are important factors.

The ideas of average and variation will be
demonstrated with a simple example below.
Let probabilities in the binomial distribution
taking conditions A and B be p and 1—p respec-
tively. Assuming that probability for the num-
ber of samples taking A condition among N
items of samples to be n is P(n), the average
value of n is expressed as:

n= g‘,onP(n) 11)

Here, when using:

N N! n N-n
P(n)= Y ———p"(1-
(n) ol (1-p) (12)
the following can be obtained:
- N (N1 S \N-n
n=Npy —~———p" (1_17)
ao(n—1)1 (N —n)! (13)

=Np[p+(1-p)"™ = Np

Next, Standard Deviation ¢ that is often used as
the parameter for variations in samples is ex-
pressed as:

o’ = V%OP(an —Z)Z
= 5 P(ln=1) - (% 19

= N(N=1)p% + Np—(Np)* = Np(1- p)

Thus, the ratio of Standard Deviation to aver-
age value becomes:

o_ /1—_P
p N (15)

which proves to vary inversely with the square
root of NV (the number of samples).

The least square method is often used to es-
timate a most probable value from the results
of repeated measurements. Consider the case
that there is parameter set A to be determined
and most probable value X; to jth measurement
is given by function X(4) of 4. Then, evaluate
parameter A that makes the following least:

@(ﬂ)%é[ s (16)

3.2.2 Uncertainty of time/frequency

In general, there are factors that cause gaps
of measured values from true values: ones that
cause statistical dispersion in spit of zero aver-
age and ones that cause systematic gaps from
true values for certain reasons. Uncertainty
when estimating true values from measured
values can be estimated from uncertainty u , re-
sulted from statistical factors (Type A) and sys-
tematic uncertainty u,(Type B) as:

u'=u’ +u, (17)

In the above, u, denotes the ratio of fluctuation
in measured values to average values. Suppose
that fluctuation haven’t been estimated by
Standard Deviation; then the ratio becomes
small if the number of measured data is in-
creased as shown in Equation (15). In order to
make u, small, it is necessary to identify fac-
tors to be causes for gaps from true values and
add corrections per measurement condition.
The measured value distribution for the case
that u, and u, are large and small will be shown
in Fig. 3.

An important factor for estimation of u,
when really comparing time/frequency be-
tween two atomic clocks is the dispersion of
the difference in time/frequency between the
two clocks and it does not matter whether or
not their average values agree.
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Meanwhile, what determines u, is whether
the gaps from true values caused by electric
fields, magnetic fields, relativistic effects etc.,
can be made small or precisely estimated to
correct.

In case of u;, how much the average of
measured values of two clocks each agrees
serves as a standard for estimating gaps from
true values. In order to minimize uy, it is neces-
sary to perform frequency measurements under
various conditions and determine parameters to
be shift factors by means of the least square
method. Specifically, it can be pointed out that
one measures variations in measured frequen-
cies by changing magnetic field sizes in order
to identify the influence of Zeeman effects and
estimates frequency in zero magnetic field, and
SO on.

4 Basis for evaluation of
frequency stability 11

In this Chapter, we will discuss what pa-
rameters one should use to estimate the fre-
quency changes necessary to estimate statisti-
cal uncertainty u, for time/frequency, which is
useful when comparing and discussing charac-
teristics of clocks measured under different
conditions. While frequency changes to be dis-
cussed below mainly cover frequency fluctua-
tions that randomly change over time, the fre-
quency drift that frequency changes in a single

L]
f.'
e % ¢ g
°* L ® e *
® 0
oe | g
e°® o ®l o
L]
u, large u, large
ug large ug small
S | S F—
u, small u, small
ug large ug small

Fig_3 The distribution of measurements with
large (or small) statistical uncertainty ua
and systematic uncertainty us

direction over time is also partly discussed.
Output signal V(f) when discussing fre-
quency stability is expressed as follows:

V(1)=V,[1+&(r)|sin[2zvyt + 4(7)] (18)

Here, V,, and v, are amplitudes of output
signals and averages of frequencies, and ¢ and
¢ denote amplitude fluctuations and phase
fluctuations. Since the actually obtained ampli-
tude can be mostly regarded as a fairly small
fluctuation for estimating frequency changes,
V, can be usually deemed as invariable. Sup-
pose instantaneous phase ®(¢) as:

@(t)=27vyt +4(t) (19)

then instantaneous frequency w(¢) is evaluated
by:

o)=L _, | 1 dil0) (20)
2 dt 2 dt
Here, assume:
’g| <<1 L %(t) <<1 (21)
2vy | dt

Then, define dimensionless parameter (f)
standing for frequency changes as:

y(t)=it)—l=#&(t) (22)

Vo 2zvy dt

Also, define time change x(7) as:

x(t)= [y(e)dr = ) (23)

2y,

As shown in 2, y(¢) cannot actually measure a
value for that moment but one averaged by fre-
quency counter’s gate time z:

- t, +7)—xlt 1

)= ) Ly e

T Tl

In order to estimate the size of frequency
changes, it would be natural to first evaluate the
dispersion:

(7P ) =jim 53, () (25)

K—w K k=1

of frequency changes:
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<;k (c)? > _ <[x(’k +7)-x(1 )P >

= Lz [<x(tk +7) > + <x(tk ) > - 2<X(tk Pl + T»]

T

(26)

Here, define the autocorrelation function for
phase and frequency:

R.(6)= lim % [l + o)
| (27)
R,(c)=lim o Y(e)y(t + 7)at

R, (7) is based on the unit of s> and R, (7) is non-
dimensional. Then, one can readily understand:

R, 0)=(»(0)) (28)

Autocorrelation function is a parameter used to
indicate how much effect remains after gaps
from average values of phase and frequency at
a certain time change only by time 7. By using
this parameter, Equation (26) can be modified
nto:

(rtey - AL (29)

As will be discussed below, speed for the time
change of phase should be considered with fre-
quency components to be more understand-
able. For that, consider power spectral density
S., (f) that is the application of Fourier trans-
form to the autocorrelation function of phase
change:

S.,(f)=4] R, (z)cos(2nf7)dz
(30)
R, ,(r)= Jo 8,0 f)cos(2afz)df

S, (f) is based on the unit of s’Hz and S, (/) on
the unit of /Hz. The case of 7= 0 leads to:

(eF )= [, (n)ar (31)

which indicates that the power spectral density

represents the frequency components of fre-
quency fluctuations. Using the power spectral
density leads to:

(746 )= [, - coslome ey
(32)
- 5 sin? Gk

T

Furthermore, consider that temporal differenti-
ation in the time domain corresponds to multi-
plication by 2zfin the frequency domain, which
leads to:

S, (f)=Cr)5.(f) (33)
then Equation (32) can be expressed by:

- o sin? (7/7)

e@P )=, (f)ﬁdf (34)

In reality, the power spectral density of fre-
quency changes can be expressed by the poly-
nomial in f:

S,(f)=Xh,f* (35)

It is often the case from the past measured data
that discussions go on in the range of a = -2,
-1, 0, 1, 2. Here, each term denotes as follows:
a =—2 Random walk FM noise
—1 Flicker FM noise

0 White FM noise

1 Flicker PM noise

2 White PM noise
White PM and FM noise and flicker noise will
be discussed in 5 below.

Now, when viewing Equation (31), it turns
out that this integration diverges with a = =2,
—1 in f'— 0 range. It does not actually reach an
infinite value as the residual of frequency
changes is evaluated from finite measured data
following Equation (22). Still, since acquired
values depend on how to draw samples, this in-
tegration is not preferable as a stability scale.
This divergence of integral values represents
that frequency is endlessly changed while sam-
pling is repeated with random walk and flicker
FM noises over an extended time period. When
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evaluating the residual of frequency changes,
the average frequency to be a standard cannot
be obtained until the entire measurement is
completed, which is also problematic.

Then, samples for frequency changes of a
finite time period are taken by N sample vari-
ance that can be defined below:

2 - 1=y
-Gt 8]

_w sin’ (7;7’r) B sin? (N#fT)
SR e

(36)

Here, T denotes repeated frequencies for mea-
surement of 7 seconds and ¢, =, + T (k=0, 1,
2, ,,,,) is effected. It means that each measure-
ment involves a blank time of 7—z. Of these, N
sample variance under conditions of 7' = 7 and
N =2 is especially called Allan variance o,*:

aﬁ(z’)=%<(J’k+1 Vi )2>
- %([x(tk +27)-2x(t, +7)+x(t, )]2)

(37)

=2178, (f)H (zfr)df

H(afr)= sin (7#1)
(fz)?

H(f) will be shown in Fig. 4. It implies that
there is no divergence in /' — 0 range for the
Allan variance even with ¢ = —2, —1. This is
also the measured result of frequency changes
for finite measuring time z, which corresponds
to the fact that there is no problem with its sam-
pling for over an infinite time period.

Allan variance’s -dependence will be dis-
cussed in the following way:

-3<ax<l

o2(r)=2h, [+ 30 (lﬁ)df

(/)

=2h, (ﬂr)_(“”) fgoq” sin* (¢)dg oc 771+

q=rt

2
a=-2 o-ﬁ(r) = 27hy

3
a=-1 o,(r)=2h,In2 (38)
a=0 cri (z'): 2—0

T

This result can be easily understood from
that /% xAfis proportional to 7 @V as H(f)
peaks at around f,,, = 3/(2z7) and integral width
Af'is approximately 1/(zt). To express this fur-
ther in different words, it corresponds to divid-
ing the magnitude of fluctuations with frequency
component f, by the sample size proportional
to 7. The above-mentioned infinite integral will
be infinite with @ = 1, 2. Then, consider the case
of using a low-pass filter that shields frequency
components higher than maximum frequency
component f,. In this case, Equation (37) must
be replaced with the finite integral of:

ol(t)=2h, [l H(nfr)df
(39)

= 2h, (e (999 H (q)dg qp =7t

It results in:
a=1

2(7) = 3h,
’ () (27[7)

> 1n(27;fh1) (40)

o2 (e)= 2t

(27rr)2 =

Thus, since the case of either a = 1 (flicker PM
noise) or 2 (white PM noise) approximately
shows 72-dependence, the two kinds of noise
will be indistinguishable. This result is caused
by the fact that since H( /) reaches a local max-
imum in all frequencies expressed by f = 3/
(2zr) x (2m+1) (m is an integer) (ref. Fig. 4)
and all the frequency components for a =2 get
involved evenly with the Allan variance, the in-
terpretation that the Allan variance stands for
the frequency components for 3/(2zr) of fre-
quency fluctuations turns out to be invalid.
What was contrived to differentiate be-
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tween the cases of @ = 1 (flicker PM noise) and
a =2 (white PM noise) was the Modified Allan
variance Modo,’ (7). Let 7 be the integral mul-
tiple of least-time unit z, that is 7 = ng,, then
Modo,? (7) is defined:

Moda &):5@ 57, y)}>

j=1

- 1 v +Hj+2n)r, 42
7 O)= [ Sl 12

T

- 1 t+(Jj+n)r
yj(z.)z; J‘tA (j+n)ey y(f)dl

Calculate Equation (42) to lead tor18):
Modc }(c) =278, (f)H ,-moa ()df
Hn—mod(f)zH(f)Mn(f)

_sin’(wfr) _(af/n)’
() sin®(afz/n)

(43)

M, (/)

Looking at the above, it turns out that M (/)
attenuates as (7zf7) grows while it is approximate
to 1 in (zf7)<I range. Figure 4 shows H |y .04 (f)
(H, ,0q (f) of n = 10) to compare with H(f).
Since contribution to the integral of Equation
(43) is limited within (zf7)<l range with a<1,
Modo}? (7) is about the same as ¢,’(r). How-
ever, a large difference arises when the part
of (mfr)> 1 largely contributes and Modo,” ()/
o,” (7) is inversely proportional to # in case of

H(zft) and Hiwomea(uft) as a function of
oft

a = 2. Modo,’ (t) becomes proportional to 7,/7’
to show z-dependence that is largely different
from the case of @ = 1. This can be interpreted
in a way that while all frequency components
for /= 3/(2x7) x (2m+1) make an even contribu-
tion in the Allan variance, Modo,” (1) becomes
proportional to 7 ~ @V also in case of @ = 2 as
in case of a<l as only frequency components
for f= 3/(2xr) contribute in the Modified Allan
variance.

In Fig. 5, t-dependence of the Allan vari-
ance and the Modified Allan variance is shown.

Other than frequency fluctuations of the
kinds that were considered in the above, there
is frequency drift. Frequency drift has proper-
ties in proportion to 7> both in the Allan vari-
ance and the Modified Allan variance. Mea-
sured drift is usually considered separately
from random noise, and yet it corresponds to
/7 FM noise as long as it is not removed. Both
the Allan variance and the Modified Allan vari-
ance that are evaluated respectively from Equa-
tions (37) and (43) will diverge for this noise.

Frequency fluctuations also do not neces-
sarily take forms that can be expressed by f*.
An example of this is in the case that the phase
is modulated with the sinusoidal wave:

¢ =4, sin(27,1) (44)

In this case, from:

Lno,
White PM noise (modiified-Allan variance)

\
\

\  White PM noise (Allan variance)
Drift
Flicker PM noise 4
/

/
White FM noise Randam walk

Flicker FM noise

Lnf

Z]¢}<1 The dependence of Allan variance and
modified-Allan variance on the measure-
ment time t
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)=/ Vo B cos(27f,,1) (45)

$,()= W21 fve) #ns(f - 1) (46)
the following is derived:

2y (S ) o sin (#f,7)
ay(f)—[xj %W (47)

This becomes with 7 < 1/(2 f,):

2
o, (r)z[f—'”j 62 (7 ) (48)

Vo

and is consequently indistinguishable from fre-
quency drift in this range. However, the Allan
variance peaks at around 7= 1/2 f, and decreas-
es when 7 exceeds it. This holds with the Modi-
fied Allan variance as well.

In order to really measure the stability of
time and frequency, it is necessary to compare
more than two frequencies and measure fre-
quency differences between them. Variance o
of frequency difference between frequencies A
and B can be evaluated from variances o, and
o, of frequencies A and B each by:

oiy =0’ +o; (49)

In case of g, > o0y, measured o,; can be
safely regards as o,. However, when the stabili-
ties of each frequency are comparable (when
measuring the highest level of stability in par-
ticular), it is necessary to estimate stabilities of
each frequency by using three frequencies in
the form of:

Op + Oac —Oge

2

(50)

2 _
O.A_

5 Spectrum for oscillating
frequency changes 11

The dependence of noise that determines
uppermost limits of frequency stability on fre-
quency source properties will be discussed be-

low.

FM noise occurs due to noise within the os-
cillating loop and PM noise due to that outside
of the loop. This corresponds to the fact that
phase changes are observed as phase changes
as they are since there is no feedback outside of
the oscillating loop, but they are observed as
frequency changes to offset phase changes that
can occur within the loop. The higher speed
phase changes within the loop, the smaller os-
cillating frequency changes become. Thus, the
dependence of PM noise on f differs from that
of FM noise. Suppose that the maximum width
of phase noise A is 2z and the maximum fre-
quency change is spectral width Av of the oscil-
lator; then the correlation between frequency
fluctuations (y = ov/v,) and phase changes
(x = Abd/v,) is estimated as:

oy _a0
Av 2rm
(51)
- Q - A_H _*o 0= Yo
vy 270 270 Av
Consequently, the following is derived:
Y
S (f)=| 2| s (52)
) [zﬂgj )

Meanwhile, phase noise (PM noise) outside of
the loop becomes:

ov=04)A0 y=(x)x

(53)
S, ()= )s.(f)

Now, as was shown in 4, phase noise is of
two kinds: one called white noise (without de-
pendence on f) and the other flicker noise (in
proportion to f~'). White noise is thermal noise
when v, is in the microwave region and quan-
tum noise (fluctuations in photon number)
when it is in the optical region. This difference
owing to the regions of v, is caused by different
impacts that the discontinuity of light energy
makes on fluctuations according to whether
one-photon energy (hv,) is larger or smaller
than k,T, (T, is the absolute temperature of the
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oscillator). Flicker noise occurs through phase
modulation with the nonlinearity of circuit ele-
ments and such. Express the power spectral
density of phase modulation within and outside
the loop as:

Sx—in (f):ain B +ﬂin

Sx—out (f) = aoutf_l + out
Then, the following is derived:

S,(f)=haf " +hof +mf 4y f?

2 2
hfl = (;_ﬂ()QJ ain hO :(%] ﬁin (54)

hl =47Z-2aout h2 =47Z2ﬁout

Furthermore, consider random walk noise
(ocf" 2) and apparent noise due to linear fre-
quency drift (ecf?); then they can be expressed
by:

S, (f)=hsf +hyf 7 +hy s

0 | ) (55)
thof S +hyf

The dependence of the Allan variance on
measuring time 7 was shown in Fig. 5. The Al-
lan variance decreases in short-range 7 as tak-
ing longer z. It is often the case that white FM
noise is dominant for Cs atomic clocks etc. In
such a case, the Allan variance can be kept
down by raising Q-values. For hydrogen ma-
sers etc., mostly PM noise is more dominant
than white FM noise as (v,/Q) is low. If taking
7 longer than a certain time, flicker FM noise
(ocf ") becomes conspicuous. Thus, the Allan
variance becomes constant to 7 and accordingly
sets a limit on frequency stability. As was
shown in Equation (54), limit values of the Al-

lan variance due to flicker FM noise become
small when Q-values of the oscillator rise.
When Q-values become high, the Allan vari-
ance noise can be made small even in the re-
gion where white FM noise is dominant.

If taking measuring time 1 even longer, the
Allan variance adversely becomes large. This
holds either due to random walk or frequency
drifts.

The dependence of the Allan variance on 7
does not necessarily take as simple a form as
described above. For instance, when the phase
is sinusoidally modulated, as shown in Equa-
tion (47), the Allan variance becomes an in-
creasing function of 7 in a short z-range and a
decreasing function in a long z-range.

6 Conclusion

Time/frequency are physical quantities that
are measurable with the highest degree of ac-
curacy and play an important role for contem-
porary science and technology. Their measure-
ment and evaluation has a close connection
with the passage of time and averaging time,
and thus has aspects that cannot be evaluated
only by average and Standard Deviation as the
case of other qualities. The stability scale of the
Allan variance is a typical instance; it forms an
important basis for measurement and evalua-
tion of frequencies to understand how it differs
from normal Standard Deviation and relates to
the power spectral density and types of noise.
For understanding of this, the present paper of-
fered a general consideration of measurement
techniques for time/frequency and provided an
outline of crucial ideas for estimating its uncer-
tainty. It will be the author’s pleasure if it helps
relevant parties work on measurement and
evaluation of frequency.
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