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Hyperelliptic Curves
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Fo EDIES 2 OBFAMHBORFEOMEZ /+26M. 2 58 % 1+31IM O X N TERIRFAETH 5,
CCTVIRU MG, Fo EOBTEERVCFEEOERIX M ERT,

A fast addition algorithm for divisor classes of genus two hyperelliptic curves over finite fields
of odd characteristics was proposed by Harley in 2000 and a lot of improvements of the
algorithm has been proposed,besides extensions of the algorithm for the curves over finite fields
of characteristic two have been proposed by the authors and Lange independently. However,
any Harley algorithm over arbitrary characteristic fields have not been known until now. This
paper shows a generalization of the Harley algorithm to genus two hyper elliptic curves over
finite fields of arbitrary characteristics. The proposed algorithm takes [+26M,I+31M for an
addition and a doubling respectively, where | and M denote the cost for an inversion and a
multiplication over the definition field respectively.
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C : Y?’+HX)Y = F(X),
H(X) = X2+ h1X + ho, (1)
FX)=X+ fuX*+- + 1X + fo.

&Mt
(z,y) € qu such that y*> + H(z)y + F(z) = 0

T A (x, y) & ME—DOERER P & ZPF
¥TCLoRENS, i C Lori P=(x,
V) #FPo WL (x, —~y—Hx)bF7 C Lo
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D= Z,-mipi - (Z/’“) Py, m; > 0.

72720, i#j1X L Pi+ —Pi &§ 5,
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D =(U,V) (5)
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U =[x -z (6)
Thh., Vi
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degV < degl, (7)
Yi = V(%)
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BRI T D= (U, V1), D2=(Uz, V2) O
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res(Uy, Uz) # 0 & ged(Uy,Us) =1 )
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WX 5ET 5, 3.3 Tk, AT L&
Stz 3 5580 EFIEE RS,

i, 2 RO AJIHFH Rilo &t 20 L
VAT, 3.2, 3.3 TRITEMHETINZ 8
HITHIENTERV, TNHLOEGEITIE, B
WCER 2 s E R AT, EhZEhicown Tl o
FHAFHZ BT 2LENH 5. EEITIE.
HOGETFMIBIER -2, 2RO H
FMIL B EF—& % b, T GHRETFMEIZ.
BB, 2R BIIREhZFZ 3.2,
B3I TEHT LI L TEDIHEON S,

3.2 MEZIIVXL

Z 2Tl deg Ui=deg Uz=2 22 ged (U,
Uz) =1 Zi§ 28K+ Di=(Uy, V1) & Do=
(U2, Vo) O Ds=D1+D2=(Us, V3) DEIMEF
N % 7R3,

HEHOERAE Lo Harley 7V TV X4 LH
e BEEUE R L\ Fo EOME 2 o8 F5 M ih
BRUZH9 5 Harley 70T ) X4 HEEERE EIT
Hrokb,

T3, AKERT D& D22 BT 5. BARW
WZiE, - Ds ERYERfED

U =U,0,

TH 2V W F D= (U V) Zil5id %, Vid

114 ERBEMFEHIEF]RVol.51 Nos.1/2 2005

V = VimodU,
\% V5 mod U,
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4 LIV

KWL Tl EOELLEELZHFL, &
MM EomEy v ) A 2 8%
WBOLHWT, BEIEKAELZWERAK F Lo
R RS L Harley 7V 3 Y XA &R L
Too METNTY X2IE Fo LR 2 O&FH
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Z [+3IM O A FTEBWETH Y, s
V7 b 2T FENOFERIT TR 2R O,

Input | A genus 2 hyperelliptic curve C : Y? + H(X)Y = F(X),
Reduced divisors D, = (U1, V1) and D2 = (Uz, Va2)
such that ged(U1,U2) = 1 and degU; = degU; = 2

Output | The reduced divisor D3 = (Us, V3) = D1 + D, such that deg D3 = 2
Step Procedure Cost
1 Compute the resultant r of U; and Us. 4M
W4 — U1o — U0} 11 — U1l — U21; G0 — U161 — Wa; T Ug0i] — Waio;
2 If r = 0 then call the other procedure. —
3 Compute I =1 X + 49 = r(U1)~ ' mod Us. —
4 Compute T' = t1 X + to = (V2 — V1) mod Us. 5M
Wo +— V20 — V10; W1 « V21 — V11; t2 « wit1; Lo < Wolo;
t1 — (wo + w1) (21 + d0) — to — t2(u21 + 1); to «— to — tauzo;
5 If t1 = O then call the other procedure. —
6 Compute S = 51X + so. I+6M

=T
wo — (rt1) ™" w1 «— wor; w2 «— wot1; w3 — wir; S1 — wat1; So — wato;

7 Compute Us =X2+U31X+U3o 281_2((SU1+V1)2+H(SU1+V1)—F)/(U]Uz). 6M

+(2w1 — u21)i1 + ws

2 .
Wo — W3; W1 — SoWs; U31 < t1 — Wo + 2w1 + w3;
2
uzo — (85 + so + u11 + u21 — fa)wo — (u21 — 2v11 — h1)ws

8 Compute V3 = v31 X + v30. 5M
W1 ¢ U11 — U31;, Wo < U0 — U30, W2 < S1W1; W3 «— SoWo;
wyq — (51 + s0)(w1 + wo) — w2 — ws;
v31 — us1(h2 + w2) — wa — v11 — h1; v30 — uso(h2 + w2) — ws — vio — ho;
Total I+26M
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BHEF1VT 1%

(52 =X vl =D IN

Input | A genus 2 hyperelliptic curve C : Y? + H(X)Y = F(X),
A reduced divisor D1 = (Ui, V1) such that ged(U1,2Vi + H) =1 and degU; = 2
Output | The reduced divisor Dy = (Uz, V2) = 2D such that deg Uz = 2
Step Procedure Cost
1 Compute the resultant r of U; and 2V; + H. 4M
wo — 2v10 + ho; w1 « 2v11 + h1; 41 w11 — wa; fo — U111 — U10 + Wo;
r — fowo + uio(uio — wo — t1w1)

2 If » = 0 then call the other procedure. —

3 Compute I =i, X +io = r(2V4 + H)™* mod U;. —

4 Compute T = t1 X + to = I(F — HVi — V;?)/U; mod U;. 12M

wo — vi1(h1 + v11); w1 — 2u10f4;

wz — u11(6uio + 2v11 — 2f3 + u11(3fs — 4u11)) + f2 — vio — wo — wy;

w3 — u11(3u11 — 2f1) — vi1 — 2u10 + f3; t1 — G1w2 + fows; w2 — UEW3;

w3 — f2 —wo — w1 — v10 + u11(vi1 — fa + duio + u11(fa — u11)); to — dows — t1wz;

5 If t; = 0 then call the other procedure. —

6 Compute S = s1.X + so. I+6M

wo — (rt1)™"; w1 — wor; w2 — wot1; w3 — wir; 1 waty; So — walo;

7 Compute Uz = X2 + u21 X 4 uz0 = s72((SU1 + V4)? + H(SU, + V1) — F)JUZ. AM

uz1 — w3(2s0 + 1 — w3); uz0 — wa(ws(2u11 — fa + so(so + 1)) — w11 + 2v11 + ha);

8 Compute Vo = v21 X + voo. 5M

W1 <~ U1l — U21; WO «— U0 — U20; W2 <« S1W1; W3 «— SoWo;

wa — (81 + so0)(w1 + wo) — w2 — w3;

v21 — u21(1 + w2) — wa — v11 — h1; v20 < uz0(l + w2) — w3 — v1o — ho;
Total I+ 31M
sEXH
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